In this paper we analyze the property of compactness and almost compactness in frames using nets.
Introduction
Several chattels of topological spaces can be portrayed by means of its open sets without using the points of the underlying set. This motivates the development of Frame theory and hence it also has the name point-free topology.
Compactness in classical topology is the generalization of the Heine-Borel Property of closed sets. Point-free definition of compactness is the direct translation of its topological counterpart introduced by Alexandrov and Urysohn [1] in 1929 and it states that a frame L is compact if every cover of L has a finite subcover. A compact topological space can also be characterized as a space where every net clusters. We shall prove in this paper that such a characterization can also be given in point-free context.
Study of nets in topology was initiated by E. H. Moore and H. L. Smith [9] and has been developed by J. L. Kelley [8] where as the concept of filter was introduced by H. Cartan [4] [3] .
One can approach convergence in a topological space using nets as well as filters. Each has its own advantage over the other.
Convergence in frames using filters was introduced by Banaschewski and Pultr [2] in 1990.
Later in 1995, S.S. Hong [5] gave another definition of convergence in terms of cover of a frame.
Our purpose with this paper is to analyze the property of compactness in frames using nets. We start by proving several basic properties of net convergence and clustering. Then by defining derived nets and derived filters, we establish a relation between nets and filters in frame context.
With the aid of these results, we prove that a regular frame is compact if and only if every net in it clusters and present a characterization of minimal Hausdorff frames via nets.
Preliminaries
For general notions and facts concerning frames, we refer to Stone Spaces [7] and Frames and Locales [11] . A frame L is a complete lattice which satisfies the infinite distributive law :
We use the notation 0 L and 1 L , respectively, for the least and the greatest element of the frame
cover of L has a finite subcover and is almost compact if whenever
The reader is referred to the papers [5] for the background material on filter convergence, and to [6] on minimal Hausdorff frames.
Nets in frames
We now turn to the definition of clustering and convergence in frames motivated from S.S.Hong [5] and prove in this section some of the basic properties of net convergence in frames.
the condition that a ∧ g = 0 L for each a ∈ L with the property that n≥m s(n) < a for some m ∈ D.
Proposition 3.1. Every converging net in a frame clusters.
Proof. Let s : D → L be a converging net in the frame L which is not eventually zero and let C be a cover of L. If s is not clustering then there exist a p in L with n≥m 1 s(n) < p for some m 1 ∈ D and p ∧ g = 0 L for all g in C. Since s converges there exist a
This implies that s is an eventually zero net which is a contradiction. This completes the proof. 
Hence T converges in L. This completes the proof.
Next we give a necessary and sufficient condition for a net to be clustered in a frame. Conversely let Q = 1 L . If possible let s is not clustering. Then there exist a cover C ofL such that for each g ∈ C there exist a a g ∈ L with n≥m s(n) < a g such that a g ∧ g = 0 L . ie.
This is a contradiction. This completes the proof.
Definition 3.4.
A net s : D → L in a frame L is said to be eventually prime if s(k) ≤ P for some k ∈ D and
Characterizations of compactness, almost compactness and Minimal
Hausdorffness in frames using nets
In this section we characterize compactness, almost compactness and Minimal Hausdorffness using nets.
Theorem 4.1. Every net in a compact frame clusters.
Proof. Let L be a compact frame and let s : D → L be a net in L which is not eventually zero. If possible assume that s is not clustering. Then there exist a cover C of L such that, for each g ∈ C and a ∧ g = 0 L for those a in L with the property that n≥m s(n) < a for some m in D. Now let
. Now since L is compact , C has a finite subcover ie. there exist
This contradicts our assumption. Hence every net in L clusters. Proof. Let L be a frame in which every clustering net converges. If L is not almost compact
in L with T (s) contains only dense elements of L. Then by theorem 3.4, s clusters but it has a empty intersection with cover C. ie. s is not convergent. This is a contradiction. Hence L is almost compact. 
that s is an eventually zero net, which is a contradiction. Hence s clusters.
If L is not almost compact, then there exist a proper filter F in L such that {a * : a ∈ F} = 1 L .
ie. F is not clustering. Hence its derived net is not clustering. This is a contradiction.
Next we analyze Minimal Hausdorff frames using nets. Proof. Let s : D → L be a net in L which clusters but is not converging. Let F be its derived filter. If F is not clustering then there exist a cover K of L such that for each g ∈ L there exist a a g ∈ F such that g ∧ a g = 0 L . As s clusters there exist a g 0 ∈ K such that g 0 ∧ a g 0 = 0 L for those a for which n≥m s(n) < a f or some m ∈ D. Corresponding to this g 0 there exist a a g 0 ∈ F such that g 0 ∧ a g 0 = 0 L . This is a contradiction. Hence F clusters. Also by theorem 3.9, F is not convergent . Thus L contains a clustered filter that is not convergent. In [6] it is proved that if L is any Hausdorff frame which contains a clustered filter that is not convergent then there exists a proper subframe of L which is Hausdorff. Thus there exists a proper subframe of L which is Hausdorff. Hence L is not a minimal Hausdorff frame.. 
